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Abstract: Interaction models discussed in this lecture are the
(asymmetric) quantum Rabi model ((A)QRM), the two-photon
quantum Rabi model (2pQRM) and the non-commutative harmonic
oscillator (NCHO), which is equivalent to the 2pQRM in terms of its
eigenvalue problem. The AQRM is a theoretical model— predicting
experimental measurements—that serves as a model for the
fundamental elements of superconducting quantum computers.
Furthermore, when their eigenvalue problems are formulated using
Heun ODEs, NCHO/2pQRM can be regarded as a covering model of
QRM from the perspective of the confluence of regular singular points.
This lecture focuses on two topics. The first is a conjecture concerning
hyperelliptic curves that links energy degeneracy to hidden symmetries
not apparent in AQRM Hamiltonian. The second topic concerns the
number-theoretic structures underlying NCHO; specifically, it
addresses the modularity for small special values of the spectral zeta
function. Investigating large values requires the explicit form of a
certain specific determinant. While this remained unknown for a long
time, it was recently elucidated through joint research with Wadim
Zudilin, by the inclusion-exclusion principle pivotally.

The former conjecture arose from joint research with Cid
Reyes-Bustos, while the latter topic has been developed through a
long-standing collaboration with Kazufumi Kimoto.
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